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THE CLASSIFICATION OF SPINORS UNDER GSpin, 4
OVER FINITE FIELDS

XIAO-WEI ZHU

ABSTRACT. The spinors of a 14-dimensional vector space V' are studied with
respect to the group GSpin;4 of the 14-dimensional vector space V over finite
fields F4 . Results are given as follows: (1) the decomposition of the space of
spinors into GSpin,4-equivalence classes or “orbits” over Fy , (2) the structure
of the fixer of GSpin, for each orbit as an Fg4-group.

INTRODUCTION

Between 1969 and 1975, Atiyah, Bernstein, and S. I. Gel’fand [1, 2] proved
the following theorem: If K is a local field of characteristic zero and f(x) €
K[x;, ..., xs] — {0}, then |f|° has a meromorphic continuation to the whole
s-plane, where |f|° is a distribution in K", called the “complex power” of f(x)
defined as

@) = [ 170 dx,

where ||, is an absolute value in K, ® is a Schwartz-Bruhat function, dx is
a Haar measure on K", and s is a complex parameter restricted to the right-
half plane. Furthermore, the candidates for the poles of |f|° can be written in
terms of the roots of the b-function, or the Bernstein-Sato polynomial b(s) of

f(x), ie., if

.

b(s)=T](s+4),
A>0

then the candidates for the poles of |f|° are -4, —A—1, —A—2, ... . Itis also
known that the A’s in b(s) = [],.o(s + A) are positive rational numbers (cf.
Kashiwara [14]). When K is a p-adic local field with g as the cardinality of
its residue field, Igusa [6] has shown that |f|’ is a rational function of ¢ = ¢~*.
Furthermore, many examples suggest that an intimate relation between the real
poles of |f|° and the roots of b(s), similar to the one in the archimedean case,
would also exist in the p-adic case. Recently, Loeser [17] proved that the real
poles of |f|° are the roots of b(s) if n=2.

Partly because the p-adic case of the theory of the complex powers is not as
satisfactory as the archimedean case, Igusa began to study a certain complex-
valued p-adic integral especially for the “regular prehomogeneous vector space”
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cases (cf. Sato, Kimura, and Shintani [15, 22]. Serre [23] named it “Igusa’s local
zeta funcion.”

A regular prehomogeneous vector space defined over a field F is a triplet
(G, p, X) in which X = Aff” for some n, G is a reductive F-subgroup of
GL(X) = GL, acting transitively on the complement Y of an absolutely irre-
ducible F-hypersurface f(x) =0 in X, and p is a rational representation of
G on X. f(x) is a homogeneous relative G-invariant, i.e., f(gx) = v(g)f(x)
for every g in G, and is unique up to a factor in F — {0}. If K is a p-adic
completion of a number field, Ok is the ring of integers of K, ngOk is the
maximal ideal of Ok, and g is the cardinality of Ok/mxOg, then the Igusa
local zeta function is defined for any f(x) in K[x;, ..., x,] — {0} and for
Re(s) > 0 as

Z(s) = /m £ dx = |fTF (@),

where @, is the characteristic function of X(Ok) and dx is the Haar measure
on K" normalized as vol(Og) = 1. Igusa [6] has shown that Z(s) has a
meromorphic continuation to the whole s-plane and is a rational function of ¢ =
q~* . Z(s) has been computed for twenty of twenty-nine types of irreducible
regular prehomogeneous vector spaces (cf. Igusa [12]).

Due to the difficulty in determining the local zeta function for some of the
group invariants, Igusa [5, 7-11] developed a series of methods to calculate the
local zeta function as the summation of the product of the cardinalities of the
group orbits and the corresponding local zeta functions, i.e.,

Z(s) = /On Fl dx = 3 |G(F,) -&] /é el dx.

E€ER

Here R is a subset of Of such that its image R in F? forms a complete set
of representatives of G(F,)-orbits in F7, i.e.,

[[GF,)-E=Fz

ZER

It is therefore essential to understand the orbital structure of the group G over
finite fields. GSpin;, is one of the few algebaic groups associated with regular
prehomogeneous vector spaces for which the Igusa local zeta function remains
unknown. Based on the works of Popov [20] and Kac and Vinberg [13] concern-
ing Spin,, over an algebraically closed field of characteristic zero, the following
results are obtained in this paper:

(1) the decomposition of the space of spinors into GSpin,4-equivalence
classes or “orbits” over F,, and
(2) the structure of the fixer of GSpin,, for each orbit as an F,-group.

One should point out that the conjecture on the relation between the real
poles of the Igusa local function and the roots of the Bernstein-Sato polynimial is
verified for GSpin,, and the candidates for the real poles of the Igusa loca zeta
function of GSpin,, are determined in [16] by using the above classification.
Futhermore, this conjecture has been verified for any reduced irreducible regular
prehomogeneous vector spaces by T. Kimura, F. Sato, and X.-W. Zhu [16].
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We should also mention that the poles of Z(s) for curves have been closely
examined by D. Meuser [18, 19].

1. PRELIMINARIES

If V is a finite 2n-dimensional vector space over a field £ and if Q(u) is
a nondegenerate quadratic form on V', we denote by ( , ) the bilinear form
associated to Q so that (u,v)=Q(u+v) - Q(u) — Q(v). We denote by C
the Clifford algebra of the pair (¥, Q) and by x — x’ its canonical antiauto-
morphism. Then C = C* @ C~, where C* is the space of invariant elements
with respect to this antiautomorphism and C~ is the space of anti-invariant
elements.

The Clifford group is

G* = {s € C; s invertible in C and sVs~! = V'}.
The even Clifford group is
(G*)* =G*NnC*.
The spin group is
Spin,, = G = {s € (G*)*;ss' = 1}.

We denote by Cy the subalgebra of C generated by any subspace W of
V . Note that if W is totally isotropic, i.e.,if @ =0 on W, Cy isisomorphic
to the exterior algebra A(W) of W .

We shall use ¢ to denote the vector representation of Spin,, which is the
restriction of the epimorphism ¢: G* — Aut(V, Q), given by ¢(s)-v = svs~!,
to Spin,, . This restriction is an epimorphism onto the connected component
of identity of Aut(V, Q) with kernel {£1}.

Let V = L+ M ,where L, M are maximal totally isotropic subspaces of V.
Choose bases ¢;,...,e, and e,,1, ..., e, of L and M respectively satis-
fying (e;, ensi) =1 for 1 <i<n and (e;, ¢j) =0 for any other pairs (i, j),

i<j.If s e G*, we shall define four n x n matrices a, f, y, d by
¢(S)'(€1'“6’2n)=(€1"'€2n)[;l ﬂ}-

Then, ofB, y'd are alternating and o'd + B'y = 1,, or, equivalently, ‘ay, ‘B4
are alternating and ‘ad +‘yf = 1,. We shall write

w=[; 2]

C* is an enveloping algebra of G and it is isomorphic to the direct sum of
two total matrix algebras of degree 2"=1_ The representation p of G in C* is
called the spin representation of G . It is the direct sum of two irreducible half-
spin representations of G of degree 2"~!. An element of the representation
space is called a spinor. We shall make the half-spin representation explicit as
follows.

Put e =e;---e, and ey = e, --€2,. Then Cey, is a minimal left ideal
of C and the correspondence x — xejs gives an isomorphism C; — Ceys of
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these vector spaces. Therefore there exists a unique element y of Cp satisfying
sxey = yey forany s € C and x € Cp. Let

= (CL)t = CLNCH = A*(L) = A*(AfF"),

i.e., the sum of all even degree homogeneous parts of A(L). This is a vector
space of dimension 2"~! defined over k. By restricting p to G, we get a
half-spin representation of G in X.

Let 5;(4) = A~ '+(A—A"1e;en,; with 1€ Gy, and 1 < i < n. Then A — s5;(4)
gives a homomorphism G,, — G. Since the one-parameter subgroups {si(,l)}
and {s;(4)} commute, the mapping (Gn)" — G defined by (t1,...,th) —
[T si(t;) is a homomorphlsm Its image group 7 is a maximal torus of G
and its kernel consists of (%1 , £1) with an even number of minus signs.

Let s5;;(A) = 14+4e;e; with l e Ga and 1 <i#j<2n suchthat (¢;,¢;)=0.
Then the correspondence A4 — s;;(A) defines an isomorphism of G, to its image
group P;; in G . These image groups are the one-parameter unipotent subgroups
of G corresponding to the 2n(n — 1) roots of G relative to 7.

If W is a subspace of V' and if A%2(W) denotes the homogeneous part of
degree two in the exterior algebra Cj , we get a well-defined homomorphism

exp: A2(W) — G such that exp(x) = 1 +x+ 4x2+--- forevery x in A2(W).
The element exp(x) is called the exponential of x .
Let

G = GSpin,, = (G*)*.
Then
gi(t) = 1"25;()'* = 1 + (1 - Deiensi, 1<i<n,

are elements of GSpin,, for any ¢t € G,, and

n
T={I=Hgi(l,‘); 11,...,tn€Gm}
i=1

is a maximal torus of G. We give the following easily proved lemma for later
use.

Lemma. Let 1<i,j<7. Then

o(si,j(A)-ex=e, k#Fn+i,n+]j;
B(8i,j(A)) - en+i = enti — Aej;
B(si,j(A)) - ensj = ensj + Aei;
A(Sn+i,n+j(A)) - €, = €k, k#i,J;
¢(5n+t n+j( ))ei=e — /len+j§
(Sn+i,n+j(A)) - €j = €j + Aenyi;
P(Si n+j(A) - & = e, k#n+i,J;
(
(

o) Si, n+1( ) ¢ €nyi = €nyi — )«en+j;
o(si, n+j(l)) € =¢j + Je;,
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where .. € G,. Forany t,, ..., t; € Gy, we have
7 .
teer, if1<k<T,
(t; N —
¢ (’1:[131( z)) k { t,:lek, lf8 < k < 14
7
P (H g"(ti)) (i cee,) = (L -1, )ei, e,
i=1

We shall use G, to denote the fixer of G at the point x € X with respect to
p, G2 to denote the connected component of the identity of G, and Z(H)
to denote the center of the group H . We define

*

€ i, = the partial products of ey, ..., e, satisfying e; ---¢; €]

iy-iy = €L-

In particular,

_ i1 . R
e”,“j_(_l)ll el...ei...g}-...en’

i+ j+k A ~
e;jk=(_1)l+1+ el...ei...ej...ek...en_

In the sequel we shall assume n = 7, X = A*(Aff’), and G = GSpin,,
unless the contrary is expressly stated.

2. ORBITAL DECOMPOSITION

In this section we obtain the representatives of GSpin,,-orbits in A*(Aff’)
over any finite field k of characteristic different from 2. Since most of the
methods used in this section are the same as Popov’s [20] for obtaining the
representatives of GSpin,,-orbits in A*(Aff’) over algebraically closed fields
of characteristic zero, we shall only sketch the procedure and examine those
cases that lead to different results.

We shall say that elements in X are G-equivalent if they lie in the same orbit
of G in X, ie., p(s)-x =y for some s € G, denoted by x > y. For every
element u = 2!5i<j56 ajjef, aij € k,in A‘(Aﬂ6), the rank of the alternating
matrix (a;;) is called the rank of the spinor # and denoted as rank (u) .

For any nonzero spinor x € X, x = Xy + X + x4 + x¢, where xg € k*,
x; € ANl(Aff’) for i=2,4,6. By Lemma 1 of [4], have

exp=xd) |

81X
x 200, 14 x5 + x4 + x§ xi + xg -

Therefore, we can assume that x = 1 + x4 + x5 . We shall study spinors of this
type according to x¢ #0 and x¢ =0.
From Lemma 1 of [4], have

G, =2 ¢(Gy) = {[; g] ,0="a"leSL;, aye Alt7}.

Let H be the subgroup of G; such that
s ={[G ] aest),

ta—l
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wi’gl e € GLg in ¢(S), and let S be the subgroup of § for which ¢ € SLg in
é(S). Thus H=SL;, S=GLg¢,and S = SL¢.
First, consider the case when x¢ # 0. Then
x=1+xs+x6 2L 14 x4+ €3
If x4 =0, then
(1 x=1+e7.

If x4 # 0, write x; in the form x4 = ye; + z, where y € A3(Aff®), z €
A*(Aff%). With respect to the group S, it is possible to bring x into one of
the forms

(2) 1+ye;+e3,

(3) 1+yer+ejqy+e7,

(4) 1 +ye; +ej4+e357+ €5, or

(5) 1 +ye; + ef47 + €357 + €367 + pe7 pekr,

depending on whether rank(z) =0, 2, 4, or 6, where y € A3(Aff®).

As in [20], we may claim that spinors of type (3) and (4) are equivalent to
spinors of type (2). Futhermore, considering the action of S on spinors of type
(2) and the fact that all the GL¢-inequivalent trivectors of six-dimensional space
are those GL;-inequivalent trivectors of seven-dimensional space involving six
vectors, and by the classification of trivectors of seven-dimensional space over
finite fields [11], it follows that y can be transformed to one of the pairwise
S-inequivalent forms

e1ee3, €1€263 + 46566, €163 1+ 36465,
€167€3 + 46365 + €¢es5€r, Or
47 "elys + (44) 7 (efss — €346 + €345) » A€F; — (F;)~
Therefore, with the action of S, x can be transformed into one of the follow-
ing:
1+ veerezer +vles,
1 + veeseser + veseseger + v el ,
L+ v(47 elys + (42) 7! (efss — €546 + €345)) + v €7,
1 + ve ereser + veseseser + v e, or
1 + vejeyeze; + veseseser + vegesereq + l/_lé’; y
where v € k*. Applying the appropriate # € H such that ¢(h)e; = A;e; with

Ai € k*, 1 <1i<6, to the above spinors, we conclude that spinors of type (2)
are equivalent to one of the following spinors :

(6) 1 + ejere3e7 + €7,

(7) p(l + €162€367 + €4€5€6467 + e;*) , pek*,

(8) p(1+47"efy; + (44) 7! (efss — €346 +€345) —€7), P EK™,
9) 1 + eyere3e7 + ezeseser + e;‘ , or

(10) 1 + ejere3e7 + esezeser + egeserer + 6’; s
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where 4 € F; - (F;)2 , with g a power of any odd number.
Now we consider the spinor of type (5). Let R be the subgroup of S such

that
o ={[4 2] a= [ o] cesn)

Then R = SPs. By Lemma 5 of [4], R C G, for ap = eje4 + €5 + e3e5. It
is also clear that AP(Aff’), AP (Aff%), and spinor e; remain invariant under
R. Hence , spinors of type (5), x = 1+ ye; + efy; + €55, + €34, + pe; , are
R-inequivalent if and only if y € A3(Aff®) are SP¢-inequivalent. We shall first
consider the classification of the trivector of six-dimensional space with respect
to SPg.

Theorem 1. Every trivector in A3(Aff ®) is SP¢-equivalent to one of the following
twenty pairwise SPg¢-inequivalent trivectors:

(a) 0;

(b) ejezes;

(c) eiezes + ereses ;

(d) eiezes + peseses, p € k*;

(€) eieses + esezes + p(eseres + esezes), p € k™,

(f) erere; + peseses + eseres + esezes, p =0, p € k*;

(8) ereses + eseres + e e2e6 + e4ere5 + eqe366

(h) ejere3 + peseses + e1e,e5 + eje3eq + esejes + eseseq, with p € k*;

(1) ejeqe3+esere; +ejeres+ejeseq+ p(ereies+ereses), with p=0, p=1;

(J) ei1ese; + eseres + pejeres + r(eseies + egeres), with

p=0 p=0 p=1 p=1
r=0"~ rek*’ r=0"~ rek*’

(k) ejeres + reseses + ejeres + ejeseq + p(eseres + eseseg), with
{p=0 {p=0 {pek".
r=0" lrek* lrek*’
(1) 27 leyezeq + (24) " lejeses;
(m) 27 leseseq + (24)"lejeses + 2e eq2e5 + 2e €366,
where A € F; — (F;‘I‘)2 , With q a power of any odd prime number.
Proof. The first eighteen pairwise SPg-inequivalent trivectors (a)-(k) are ob-
tained in the same way as in [20]. However the fixers of & = ejese; + eseze3
and 7 = e eqse3 + esere3 + e1e2e5 +e1e3eg + 6164 + 626366 in SPg have two con-
nected components, and the representatives £ and n’ of the other connected
components are the elements of SP¢ defined by ¢, — e,,e, - €, €3 — —e3,

i.e.,
01 0
1 ! 0
non-ls 2] o-[lh 8]

Take 4 from F; — (F;)?, and put g = A'/2 so that u° = —u for o €
Gal(F,./F,;). Choose g € SP¢(F,.) such that

g 0 1 1 0
g=[0‘ ,gl-l], Q1= |1 —u 0 € SLs,

0 0 2w
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and y € G such that
a 0 01 0
o =[5 wh]. =] 0 0.
0 0 -1
Then G; = Gg I yGY, y2 = 1. By a theorem of Igusa’s [11], we have g% = gy
and
&' = g - (ere4e3 + eseres)
= (e1 + uex) (27 eq + (21) 'es)(—(2u) "' es)
+ (27 es — (2u)'es)(er — uex)(—(2u)'es)
=2"leyezes + (22) " lejese5,
n' = g - (e1ese3 + esere3 + e1e265 + 16386 + €2€1€4 + €2€3€6)
=27ereses + (24) " 'erezes + (e1 + per + € — per)(—(2u) " e3)(—2pes)
+ (€1 + pes)(er — per)(27 eg — (2u) "'es — 27 eq — (2u) 'es)
= 2_162836’4 + (2/1)_16’16’36’5 + 2e1e,05 + 2e1 €36,

which are the trivectors (1) and (m).
Now if the factor y in spinor (5) has one of the forms in Theorem 1, other
than type (a), (b), and (1), then it is equivalent to the spinors of the form

1 +ye; + z + pe;

with p € k*, y € A3(Aff®), z € A*(Aff®), and rank(z) < 6 by the action of
h € H such that ¢(h)e; =e; for 1 <i<6,and

((es+e7, if y = types (c), (i), (k);
—e; +e7, if y = types (), (g);
—e) +e7, if y = type (h);
s(h)er = | e +e7, if y = type (j);

—p~le; +es+er, ify=type (d);
(p+1)"leg+e;, ify=type(e)andp # —1;
—2-legg 4+ €9, if y=type (e)and p = —1;
L 27 ley + €9, if y = type (m).

Consequently, it is equivalent to one of the spinors of types (6)-(10). Otherwise
we have the following situation:
(a) Spinors of type (5) with y = 0 are equivalent to the spinor

(11) 1 +efsr + €357
when p = £2, and

(12) 1+ (Vp2-4)e;
when p # £2, over k(v/p?—4).

(b) Spinors of type (5) with y = e|e;e3 are equivalent to the spinor

(13) 1 +ejereze7 + 147 + €357
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when p = +£2, and
(14) 1+ ejeze3e7 + (V2 — 4)e;

when p # +2, over k(\/p?—4).
(1) Spinors of type (5) with y = 27le,e3e4 + (24)"'ejeses, A € F; — (F})?,
are equivalent to spinor (9) over k(y/p? —4) when p # +2, and
(15) L+47efyy + (44) 7! (ef's6 — €346 + €3as)
when p = 2.
Proof. (a), (b) Let ¢ =p/2. Then
1+ efq; + €357 + €367 + pe3

s1,4(—€)s2,5(—€)s10,13(—¢)

»?
1 +efy +e357 + (1 - ‘I) €367
=1+e{4y7+ 657, whenp==2,
and
1 + ejere3e7 + €147 + €357 + €347 + DE7

s1,4(—€)82, 5(—€)s10,13(—¢)

2
1 + ejere3e7 + €147 + €357 + (1 - pT> €367

=1+ ee0e3e7 + €47 + €357, when p = +2.

When p # 2, let w = (p —/p?—4)/2. Then
1 +ef47 + €357 + €367 + PET

202019, (1 - w?) + w(2 - wp)eses + w(eres + eres)

+ (1 — wp)(efy; + €357) + €367 + pe;
2
29 ) 4 (2 — wp)(1 — wP)eses + (1 — w?)leses
+ (1 — wheres + (1 — wp)(1 — w?)7 e}y
+(1 - wp)(1 - 0¥)e3s; + (1 — w)egy + p(1 — wP)e;

exp(—w(2—wp)(1—w?)~

e | 4 w(l — w?) 'eres + w(l — w?)ees
l-wp @?Q2-wp)] ,
T—w? " (I-w?)E |69
+[(1 - wp)(1 - ®?*) + W*(2 — wp)le3s
+ (1 — w?)elg; + (p - 2w)es
=1+ o(l - w?) 'eres + w(1 — w?ejes + (1 — w?)els; + (p — 2w)es

exp(—o(1—w?) " 'eses—w(1—w?)e es)

+

1 + wie37 + wae7,

o =1+w*, wy=p-2w=+p2-4

s10, 13(@ 105 ") 2 .
00l )y 4 (/p2 = der.

Applying the same procedure as above to 1+ e,e,e3e7 + €]y, + €357 + €357 + pe7 ,
followed by an application of the action of & € H such that ¢(h)e; = e; for
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i#3,6, ¢(h)es = (1-w?)"ley, and ¢(h)es = (1 — w?)es yields 1+ e ere3e7+
(Vpr—-4)e; .
(1) Let e =p/2. Then
1+ 27 lese3eqe7 + (24) " Lejeseser + efyr + €557 + €367 + DS

SLa(ze) s(zebsi0.13(78) 27l ere3e4e7 + (24) Lo 30507

P
+ ef47 + €357 + (1 - 7) €367-
When p = 2, consider & € H such that
p(h)ey = —e1, d(h)ey=—es, P(h)es=(81)"'es, (h)es=e,,
d(h)es = Aes, ¢(h)es = —2es, P(h)e; = —4es.
Then
1+ 27 eseseqe7 + (22) " lejeseser + efyr + €357
L1447y + (42) 7 (efss — €346 + €3as)-

When p # +£2, apply the same action which we have used in (a) and (b)
followed by the action of & € H such that

p(h)ey = —24(1 — w7 les,  P(h)er =2(1 — ey,
d(h)es = (Vp? - 4)7les, ¢(hes=e, (h)es=es,
p(h)es = (40)'es,  d(h)e; = (VD2 —4)e;

We obtain
(1-?)! (1 - w?)
) eye3eqe7 + 22
LN + ejee3e7 + ezeqeser + e3.
Futhermore, if \/p? — 4 € k*, with the action of 4 € H such that ¢(h)e; =e;
for i # 3,7, and ¢(h)es = (\/p?—4)"les, and ¢(h)e; = (v/p? — 4)e;, then

spinors (12) and (14) are equivalent to spinors (1) and (6), respectively.
If \/p?2—-4 ¢ k*, spinor (12) is equivalent to

* * )' *
1 +ef47 + €357 — 26367 (16)

1+ ereseser + (Vp2 —4)e;

as shown above and spinor (14) is equivalent to spinor (15) by the action of

hahsss 6(—1)has11 1a(—=1)s12,13(=1)s4,7(= 1)y,
where he H, i=1,2, 3, 4, such that

o) =

‘o™

with

0
0
0
0
0
0

OO OO ~O
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1 0 0 0 0 0 0
010 0 000
00 1 0 000

a={0 0 0 1 00 0f,
000 0 100
000 0 010
0 0 0 —(v/P2—-4)"' 0 0 1.
100000 0 7

010000 0
001000 0
a3=10 001 0 0 p2-4|,
000010 0
00000T1 0
000000 1

I I3 0
Q4 = \/p2—413 —\/p2—4I3 0 .
0 0 -(2y/p?-4)73
Consolidating these results, we have

Proposition. Every spinor of the form 1+ x4 + x¢ with xs # 0 is equivalent to
one of the following spinors:

(1) 1+e7,
* * 2’ *
(16) I+ efa7 + €257 — 7€375
(6) 1 + eere3e7 + e; s
(15) 1447 ely; + (42) 7" (efs6 — €346 + €345) »
(7 p(1 + ejeze3e7 + eseseser + €7),
(8) P(1+47elys + (42) 7 (efs6 — €346 + €345) — €37),
(9) 1 + eje2e3e7 + e3eqe5€7 + €7,
(10) 1 + e1ere3e7 + esezeser + egeserer + e;‘ ,
(11) 1 +ef47 + €357,
(13) 1 + eje2e37 + €747 + €357,

where p € k* and A € F, — (F;‘I‘)2 , with q a power of any odd prime number.
Now we consider the case when x¢ = 0. Let
o: A3(Aff7) — AY(AfF)
be the k-linear mapping with respect to the basis e; e,e;,, 1 <ij <ip <i3<

7, such that o(e;eie;,) = €}, . Since the action of SL; on A3(Aff") and

A%(Aff") are contragredient and since

AMAF) 254, A3(AR)

I l

A (Af7) HTESLy, A4(AfFT)
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commutes, any two elements u, v € A3(Aﬁ’7) are SL;-equivalent if and only
if o(u), o(v) € AY%(Aff’) are SL;-equivalent. Using Igusa’s [11] classification
of the trivectors of seven-dimensional space over finite fields, every element of
A3(Aﬁ7) is SL;-equivalent to one of the following trivectors:

0; eseser; ereser + exeser;

€164€67 + 636567 + €364€7

€,63€64 + 636165 + €1626¢ ,

€162€3 + €4€56€

e16e3 + (€1€4 + eres + ezeg)er

€16283 + e4656¢ + 616467

ere3e4 + ese1e5 + e1e16¢ + (e1e4 + ere5 + 8366)67 ;

e1e2e3 + e4es5€6 + (e1e4 + eres + e3eg)er;

e1ee3 + Aejeqe7 + esege) + egesey + eq4es€3); or

e1ere3 + A(esege; + egeser + eqese3)

with 4 € Fj — (F*)2. We conclude that the spinors of the form x = 1 + x4 are
equivalent to one of the following spinors:

(17) 1;

(18) 1+ ejee3€4;

(19) 1+ ey +e57;

(20) 1 +ej47 + €357 + €367

(21) 1+ e334 — €135 + €25

(22) 1+ ef5; + €456

(23) 1+ efy; + €47 + €357 + €3675

(24) 1+ efy; + €456 + €473

(25) 1 +e334 — ef3s + €2 + €147 + €357 + €3673
(26) 1+ efy3 + €456 + €147 + €357 + €367

(27) 1+ efy3 + Alefsr + eise — €346 + €345) 5 OF
(28) 1+ efy3 + Aefsg — €346 + €34s) »

where 1€ F; — (F;;)2 , with ¢ a power of any odd prime number.

As in [20] we may claim that the spinors (19)-(26) are equivalent to spinors
of the Proposition. Futhermore, spinors (27) and (28) are equivalent to spinors
of the type 1 + x4 + X¢, X¢ # 0, with the action of s5 ¢(1)s2,3(4)s11,14(1).
Consequently they are also equivalent to spinors of the Proposition.

We present the orbital decomposition:

Theorem 2. Put

¢o = p(1 + ejere367 + eseseger + €3) ,
Eo=p(1+47"efys + (42) 7' (efss — €346 + €3a5) — €7,
&1 =1 + ejere3e7 + eqe3e5€7 + egeserer + €7,

& =1+ e exe3e7 + ezese5€7 + 6’; R
lio = 1 +ejere3e7 + €7,




THE CLASSIFICATION OF SPINORS UNDER GSpin;, OVER FINITE FIELDS 107

o =1447Tels + (44) " (efss — €346 + €345) »
$1a =1 +e1ere3e7 + €j47 + €357,
620 =1+ e; >
. A
céo =1 + €r47 + e257 - Ze§67 ’
S =1+efy; + 6557,
629 =1 + ejee3éy,
(=1, and
$ea=0

where p € k* and A € F — (F;)z, with q a power of any odd prime number.
Then

X(F,) = J(G-&)(F,)
&

fora11¢i=60’61’~“sé64 andé(,)’ 101 ééo

3. THE FIXERS

In this section we shall investigate the algebraic structure of the fixers in G .
The results are summarized as

Theorem 3. There exists a subgroup H; of Gg fori=0,1,5,10, 14, 20, 21,
29, 42 and a subgroup H! of GY for i=0, 10,20 such that

Hy2 Gy x Gy, H{2Gy(Fp), H 2(GLxGy)-(Ga)",

Hs = (GL, x SL; xz, SP4) - U", Hjo = (GL, x SL3 x SL3) - (U?"),
{ (GL,(Fq) x SL3( qz))(Uz‘( 4)), Hia=(GLy x SLs) - (U%),
(GLy x SL¢) - (G}?),  Hyo = ((GL x SU¢)(F,))(G(F,)),

(GL) x SPg¢ xz, Gm) - U*,  Hjyy = (GL, x SL3 x Spin;) - (U?"),

H42 > (GLy) - (G21).

IIZ IIZ

IIZ

Since each of the above cases has a similar proof, we shall only demonstrate
the procedure for the case of i =0, 10, 20 when the identity of the group G,
has two connected components.

Hy is the subgroup of G generated by

7 6
To=TNGy, = {l =[] &@); [[t=tnnt=1,
i=1 i=1

tatstet; =1, ¢, ... ,t7€Gm}
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and by elements:

51
S4
S1
52
§2
S6
S§s
Ss

,9(4), 52,8(4), 51,10(4), 53,8(4), 52,10(4), $3,9(4),

12(4), 85.11(4), 5a,13(4), S6,11(4), 55,13(4), S6,12(4)
,2(4)57,10(4)810,14(2) 5 58,9(4)53,7(A)53,14(=4),
,7(4)58,10(—4)82,14(—4) , $9,14(—4)81,3(A)$7,9(—4),
,3(A)s7,8(4)s8,14(4) , S9,10(4)s1,14(=4)s81,7(4),
,1(=A)86,14(=A)s11,12(=4) 5 513,14(=4)57,13(4)84,5(—4),
1(=4)s5,14(=A)s11,13(4) , $12,14(4)$7,12(=A)54,6(—4) ,
,6(=A)57,11(A)s11,14(=4) , and s12,13(—=4)Sq, 14(=A)54,7(=4),

where A € G, . One can easily verify that Hy C Ggo by examining directly each
of the elements listed above. Futhermore, by the lemma in §1, we have

where

Y

s ={|5 §|} =10 -@n=a-a,

, X = (x;5), Y = (yi;) € SL3,
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(x5! —xu —xy 0 0 0 -—r

-x12 X' —x; 0 0 0 -—s

—X13 —X23 x3‘31 0 0 0 —t
=10 0 0 yl_ll —Yu —ym U

0 0 0 -y ¥ -yu -V
0 0 0 -yi3 —-yn y;3 -—w
-a -b -« -d -e -—-f 1

0 2r 2s 2t 2a 2b 2cq
a 0 t )
b X -t 0 r
A=|c s —-r 0},
r 0 - b
s ¢ 0 -a D, ¢
lt -b a O i
0 2u 2v 2w 24 2e 2f7
d 0 w  —=v
e Y -w 0 u
B=|f v -—-u 0
u 0 f -e
v -f 0 d -y
Lw e -d 0 i

Since G, has no center, Hy = G, x G, .

Similarly we can construct the elements that generate H,o and H,y and show
that Gglo D Hyy = (GL, XSL3XSL3)'(U21) and ngo D Hy = (GL, XSL6)-(G;2) .

Now let go = g10h € G(F,2) with g19 € H (see §2) such that

a 0 I3 I 0
o(g10) = [0 'a_l] s a= |uly —ulj 0 ,
0 0 —(2u)~3
ie.,

810 ={1 + ueqers + (ey — (u+ 1)es)ersa — (u + 1)eje4e7,1€744}
{1+ peserr + (€2 — (1 + 1)es)erys — (u+ 1)ereseryrerys}
{1+ pegerys + (€3 — (u + l)eg)ers — (4 + 1)eseser3er146)
- g1(—-2uw)7?),

where = VA4, Ae F; - (F:,‘)2 ,and h € H such that

Ph) = [8 'ao_l] %7 [gj —012] ’

1e.,

h=g1(1)g(1)g3(1)ga(1)gs(1)ge(—1)g7(-1).
Let g0 € G(F,2) such that
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Viur+4 viur+4 Viul+4
&20 = 51,4 T 2.5 — 3

- 58, 11(— )89, 12(—@)s1 (1 — w*)71)s3 6(uw*(1 — @?)7")
- 51,4(0(1 — w?))s2, s((1 — @) s10,13(~ A,

_ Vi +4—p
2

with u =+, A€ F; — (F;)?, and 4’ € H such that
Is 0 0
=10 u 0 |,
0 0 u!

h' = gi(1)g2(1)g3(1)ga(1)85(1)gs(1) &7 (1)

Then the action of g; transforms &; to &, ie., p(g) & =& for i =
0, 10, 20. Hence for any h; € H; C G, we have

p(gihigr ") - & = p(gihig") - p(g)&i = p(gihi) - p(g)~" p(g:)&i
= p(gihi)-&i = p(g)(p(hi) - &) = p(gi) - & =&
for i=0, 10, 20. Hence H = g;H;g™' C Gg and

~

where

o) =5 ],

i.e.,

Hy = ¢(Hp) = ¢(g0)p(Ho)p(g0) ™' = Ga(F,2),
Hiy = ¢(H{o) = ¢(g10)d(H10)p(810) ™" = (GL,(F,) x SL3(F,2)) (U (F,)),
Hjy = ¢(Hy) = ¢(820)#(Hao)$(820) ™" = ((GLy x SUg)(F4))(GL2(Fy)).

4. THE CLASSIFICATION
First we shall list some formulas for calculating the cardinalities of certain
algebraic groups:

ISLa(F)l = ¢~ ] (1-4¢

1<i<n
ISUA(F) =¢" " T] (1-(=
1<i<n
2n+1\¥q)| = a\kg)l =4 _q_.,
|SO2n+1(Fy)| = |SP2(Fy)| = gD T (1 2
1<i<n
SO (Fg)| = "= [ (1-¢7%)-(1-q7"),
1<i<n-1
1G2(Fg)l = ¢"*(1 - ¢72)(1 - ¢7%),
U (Fy)| = |G3(Fy)| = q",

|GL1(F¢I)| = |Gm(Fg)l =q(1-¢q7"),
ISpin, (Fg)| = |SOn(F,)|.
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By Theorem 2 in §2, we have

|X(F)I < 1G - &i(Fy)
&
for & =&, ¢, ..., &4 and &, &}y, & . Futhermore,

G - &i(Fy)| =

|Ge, (Fyg)
for & =¢&1,¢&s, &ia, &5 €29, Ca2, C6a, and

|G(Fy)|
2|Gg,(Fy)

G - &i(Fy)| =

for 61' =éO’ 569 élO’ éi()a 6203 ééo
By Theorem 3 in §3, we have |G (F,)| > |H(F,)| for all £; and &/. Put
(r)y=1-¢g7",and (r)y =1+4¢7". Then

|G(Fy)| |GSpin, 4(Fy)|

|G - Co(Fg)| < 2|Ho(Fy)| — 2|(G2 x G2)(Fy)|

= 38 (D24 (6)(T)(B)(10),
ey < JOFD _ [GSpiniy(Fy)
R (L8 R e ]
= Ja*(ET)B)(10),
GE) _ __ IGSpinyu(Fy)|
[ (Fg)] = T(GLy x G2)(Fy) - GLF(Fy)
= 4@ (NE10)(12),

, G(F,) (GSpin, (F,)
(G- &5 (Fo)l < {F )] = TGLy  SLaxz,5P4) (Fy) - UP(Fy)

= 4%(2),(4),(6)(T)(10)(12),
G+ Co(Fe)l < 2|'§(§"F):)| - xSt ?i‘;()fézl) U,
= 34%(2). 3R (6)(7)(®)(10),
G- &o(F,)| < 2|IG Fg)l — |GSpin,4(Fg)|

G-Gi(Fg)| <

Hio(Fg)] ~ 2(GL:(Fy) x SLs(F ) - UF (Fy )|
= 2 2)(7)(8)(10)(12),
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[Hi4(F,)] ~ [GLs(F,) - US(F,)]
= 4(3),(7)(8 )(10><12),

‘ G(F)l _ |GSpiny(Fy)|
1 €0lFa)l < 3 HgF )] = 21(GL: x SLe)(Fy) - GFy)]
= 3031 (5):(6).(N(8).
G(F)l _  |GSpiny(F,)
[, (F,)] ~ T(GLy x SUs)(Fy) - GIE(Fy)

_ %q44(3)(5)(6)+(7)(8),

|G - &14(Fg)| <

G - G0(Fy)l <

, G(F,) |GSpin, (F,)|
G- &a1(Fa)l < T )] = T(GLy x SPoxz,Gm) (Fy) - UB(Fy)]
= g% (1), (21 (@), (D(10)(12),
, G(F,) |GSpin, (F,)
16+ 25 (Fa)l < T, = T(GLs x S5 x Sping)(F,) - UF1(Fy)
= 4%(2),(3),(4),(6):(7)(10),
. GE)l  GSpina(F)l o,
G-EalFo)l < el = ISPl — 02(3).(5).(6).(8).
, _ G _ IGSpinya(F,)|
16+ L6a(Fo)l =[G, (Fo)] = [GSpimya(Fy )|

Adding these together, we get
ZIG &i(F,)| = [X(F,)l.

=1.

Hence we verified that

2|G &i(Fy)| = g% = | X(F,)|.

Since the G-orbits G-¢&; for all &; are distinct and every G-orbit in X has an
F,-rational point at least for a high power g of any prime number, we conclude

that there are no other G-orbits in X , hence
X = ]_[ G-&,
&

and Gy, = H; for all {;. We summarize with

Theorem 4. If q is a power of any odd prime, then
J=[1G-&F,), codim(G-&)=1i,
i

for all &; in Table 1, where G (F,) denotes the fixer of spinor &; with respect
to G(F,;) and Gg, (F,) denotes the connected component of the identity of the

group Gg,(F,).
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