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THE CLASSIFICATION OF SPINORS UNDER GSpin14
OVER FINITE FIELDS

XIAO-WEI ZHU

Abstract. The spinors of a 14-dimensional vector space V are studied with

respect to the group GSpin14 of the 14-dimensional vector space V over finite

fields Fg . Results are given as follows: ( 1 ) the decomposition of the space of

spinors into GSpin14-equivalence classes or "orbits" over F9 , (2) the structure

of the fixer of GSpin)4 for each orbit as an ¥q -group.

Introduction

Between 1969 and 1975, Atiyah, Bernstein, and S. I. Gel'fand [1,2] proved
the following theorem: If K is a local field of characteristic zero and f(x) £

K[xx, ... , x„]- {0} , then \f\s has a meromorphic continuation to the whole

s-plane, where \f\s is a distribution in K" , called the "complex power" of f(x)
defined as

\f\sm= f \f(x)\sK^(x)dx,
JK"

where l-^ is an absolute value in K, O is a Schwartz-Bruhat function, dx is

a Haar measure on Kn , and j is a complex parameter restricted to the right-
half plane. Furthermore, the candidates for the poles of \f\s can be written in

terms of the roots of the ¿-function, or the Bernstein-Sato polynomial b(s) of

f(x), i.e., if
b(s) = T[(s + X),

then the candidates for the poles of |/|s are — X, —X — 1, —X — 2, .... It is also

known that the X 's in b(s) = Y\x>o(s + ^) are positive rational numbers (cf.
Kashiwara [14]). When AT is a />-adic local field with q as the cardinality of

its residue field, Igusa [6] has shown that \f\s is a rational function of t = q~s.

Furthermore, many examples suggest that an intimate relation between the real

poles of \f\s and the roots of b(s), similar to the one in the archimedean case,

would also exist in the p-adic case. Recently, Loeser [17] proved that the real

poles of |/|J are the roots of b(s) if « = 2.

Partly because the /7-adic case of the theory of the complex powers is not as

satisfactory as the archimedean case, Igusa began to study a certain complex-

valued p-adic integral especially for the "regular prehomogeneous vector space"
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cases (cf. Sato, Kimura, and Shintani [15, 22]. Serre [23] named it "Igusa's local

zeta función."

A regular prehomogeneous vector space defined over a field F is a triplet

(G, p, X) in which X = Aff" for some «, G is a reductive F-subgroup of

GL(X) = GL„ acting transitively on the complement Y of an absolutely irre-

ducible F-hypersurface f(x) = 0 in X, and p is a rational representation of

G on I. f(x) is a homogeneous relative (7-invariant, i.e., f(gx) — v(g)f(x)

for every g in G, and is unique up to a factor in F - {0} . If K is a p-aàïc

completion of a number field, Ok is the ring of integers of K, tikOk is the

maximal ideal of Ok , and q is the cardinality of Ok/tckOk , then the Igusa

local zeta function is defined for any f(x) in K[xx, ... , x„] - {0} and for

Re(s) > 0 as

Z(s)= [  \f(x)\sKdx = \f\s(®o),
Jo»K

where Oo is the characteristic function of X(Ok) and dx is the Haar measure
on Kn normalized as vo\(0K) = 1. Igusa [6] has shown that Z(s) has a

meromorphic continuation to the whole s-plane and is a rational function of t =

q~s . Z(s) has been computed for twenty of twenty-nine types of irreducible

regular prehomogeneous vector spaces (cf. Igusa [12]).

Due to the difficulty in determining the local zeta function for some of the

group invariants, Igusa [5, 7-11] developed a series of methods to calculate the

local zeta function as the summation of the product of the cardinalities of the

group orbits and the corresponding local zeta functions, i.e.,

Z(s)= f   \f(x)\Kdx = Yt\G(*<l)-Ç\ /       \f(x)\sKdx.
J°k ten 7£+*°Z

Here R is a subset of Ok such that its image R in F£ forms a complete set

of representatives of G^F^-orbits in F£ , i.e.,

ten

It is therefore essential to understand the orbital structure of the group G over

finite fields. GSpin14 is one of the few algebaic groups associated with regular

prehomogeneous vector spaces for which the Igusa local zeta function remains

unknown. Based on the works of Popov [20] and Kac and Vinberg [ 13] concern-

ing Spin,4 over an algebraically closed field of characteristic zero, the following

results are obtained in this paper:

(1) the decomposition of the space of spinors into GSpin14-equivalence

classes or "orbits" over Fq , and

(2) the structure of the fixer of GSpin14 for each orbit as an F?-group.

One should point out that the conjecture on the relation between the real
poles of the Igusa local function and the roots of the Bernstein-Sato polynimial is

verified for GSpin14 and the candidates for the real poles of the Igusa loca zeta

function of GSpin14 are determined in [16] by using the above classification.

Futhermore, this conjecture has been verified for any reduced irreducible regular

prehomogeneous vector spaces by T. Kimura, F. Sato, and X.-W. Zhu [16].



THE CLASSIFICATION OF SPINORS UNDER GSpin14  OVER FINITE FIELDS 97

We should also mention that the poles of Z(s) for curves have been closely

examined by D. Meuser [18, 19].

1. Preliminaries

If F is a finite 2«-dimensional vector space over a field k and if Q(u) is

a nondegenerate quadratic form on V, we denote by ( , ) the bilinear form

associated to Q so that (u, v) = Q(u + v) - Q(u) - Q(v). We denote by C

the Clifford algebra of the pair ( V, Q) and by x -* x' its canonical antiauto-

morphism. Then C = C+ © C~ , where C+ is the space of invariant elements

with respect to this antiautomorphism and C~ is the space of anti-invariant

elements.

The Clifford group is

G* = {s £C;s invertible in C and sVs~x = V}.

The even Clifford group is

(G*)+ = G* n C+.

The spin group is

Spin2n = G = {s £ (G*)+; ss' = 1}.

We denote by Cw the subalgebra of C generated by any subspace W of

V. Note that if W is totally isotropic, i.e., if Q = 0 on W, Cw is isomorphic

to the exterior algebra A(W) of W.

We shall use (/> to denote the vector representation of Spin2„ which is the

restriction of the epimorphism </>: G* -> Aut(F, Q), given by cf>(s)-v - svs'x,

to Spin2„ . This restriction is an epimorphism onto the connected component

of identity of Aut(F, Q) with kernel {±1} .
Let V = L + M, where L, M are maximal totally isotropic subspaces of V .

Choose bases ex, ... , en and en+x, ... , e2n of L and M respectively satis-

fying (e¡, en+i) = 1 for 1 < / < n and (e¿, ef) = 0 for any other pairs (i, j),

i < j . If í £ G*, we shall define four « x n matrices a , ß , y , ô by

(f)(s)-(ex ■■■eln) = (ex ■■■e2n)
a   ß

y    ó

Then, a'ß, y'â are alternating and a'S + ß'y= 1„ or, equivalently, 'ay, 'ßo

are alternating and 'aö + 'yß = 1„. We shall write

cp(s) =
a    ß

y   ô

C+ is an enveloping algebra of G and it is isomorphic to the direct sum of

two total matrix algebras of degree 2"~x . The representation p of G in C+ is

called the spin representation of G. It is the direct sum of two irreducible half-

spin representations of G of degree 2"~x. An element of the representation

space is called a spinor. We shall make the half-spin representation explicit as

follows.
Put et = ex ■ ■ ■ e„ and e\¡ = en+x ■ ■ ■ e2n. Then Ce m is a minimal left ideal

of C and the correspondence x —> xe¡¿ gives an isomorphism Q, —> Ce\t of
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these vector spaces. Therefore there exists a unique element y of C¿ satisfying

sxeM = ye\t for any s £ C and x £ Cl ■ Let

X = (CL)+ = CLnC+^ A+(L) = A+(Aff"),

i.e., the sum of all even degree homogeneous parts of A(L). This is a vector

space of dimension 2n~x defined over k. By restricting p to G, we get a

half-spin representation of G in X.

Let Si(X) = X-x+(X-X~x)ejen+i with X £ Gm and 1 < i < «. Then X -> s¡(X)

gives a homomorphism Gm —> C7. Since the one-parameter subgroups {5¿(^)}

and {s,(A)} commute, the mapping (Gm)" -> G? defined by (ii, ... , i„) —>

nLi s«('0 *s a homomorphism. Its image group T is a maximal torus of G
and its kernel consists of (±1, ... , ±1) with an even number of minus signs.

Let Sij(X) = l+Xe¡ej with X£ Ga and 1 < i ^ j < In such that (e¡, ef) = 0.
Then the correspondence X -> s¡j(X) defines an isomorphism of Ga to its image

group Pij in G. These image groups are the one-parameter unipotent subgroups

of G corresponding to the 2«(« - 1) roots of G relative to T.

If W is a subspace of V and if A2(W) denotes the homogeneous part of

degree two in the exterior algebra Cw , we get a well-defined homomorphism

exp: A2(W) —► G suchthat exp(x) = 1 +x + 2\x2-\— for every x in A2(W).

The element exp(x) is called the exponential of x .

Let

(? = GSpin2„ = ((7*)+.

Then

gi(t) = tx'2Si(t)x'2 = l + (t- \)eien+i,        \<i<n,

are elements of GSpin2„ for any t e Gm and

T= lt = f[gi(ti);  tx,...,tn£Gm\

is a maximal torus of G. We give the following easily proved lemma for later

use.

Lemma. Let 1 <i,j<l. Then

<j)(Sij(X))-ek = ek,       k^n + i,n + j;

(¡>(Sij(X)) • en+i = e„+i - Xej ;

4>(Sij(X)) • en+j = en+j + Xe-t ;

<j)(sn+i,n+j(X)) -ek = ek,        k¿ i, j;

<j)(Sn+i,n+jW) ' ei = e¡ - *en+j \

<t>(sn+i,n+jW) ■ e¡ = e} + Xen+i ;

(j)(Si,n+j(X)) -ek = ek,        k^n + i,j;

(/>(Si,n+jW) • en+i = en+i - Xen+j ;

<f>(si¡n+j(X))-ej = ej+Xe¡,
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where X e Ga. For any tx,

¿(rïftfr) )•<?*={
w=l

7

tj £ Gm we have

tkek,      if^<k<l,

tllek,    ifS<k< 14,

PlYlMti)) ■(elx---eip) = (th---th)eh eh-
u=i

eheiv = eL.

We shall use Gx to denote the fixer of G at the point x £ X with respect to

p, Gx to denote the connected component of the identity of Gx , and Z(H)

to denote the center of the group H. We define

e*v..j = the partial products of ex, ... , en satisfying e,.

In particular,

e¡ = (-l)i-1el---er--e„,

e*j = (-l)i+j-xex---ei---ej---en,

e*ijk = (-\)l+}+kex---êr--êj

In the sequel we shall assume « = 7, X =

unless the contrary is expressly stated.

■ ek

A+(Aff7), and G = GSpin14

2. Orbital decomposition

In this section we obtain the representatives of GSpin14-orbits in A+(Aff7)

over any finite field k of characteristic different from 2. Since most of the

methods used in this section are the same as Popov's [20] for obtaining the

representatives of GSpin14-orbits in A+(Aff7) over algebraically closed fields

of characteristic zero, we shall only sketch the procedure and examine those
cases that lead to different results.

We shall say that elements in X are (/-equivalent if they lie in the same orbit

of G in X, i.e., p(s) • x = y for some s £ G, denoted by x -^ y. For every

element u = Y,x<i<j<6 oiije*j, a,; 6 k , in A4(Aff5), the rank of the alternating

matrix (a¡j) is called the rank of the spinor u and denoted as rank(w).

For any nonzero spinor x £ X, x = Xo + x2 + x4 + x$, where xq £ k*,

Xi £ A'(Aff7) for z = 2, 4, 6 . By Lemma 1 of [4], have

xIl^l+x>2 + xi+x>^t^l+x»+x».

Therefore, we can assume that x = 1 + x¡, + x^. We shall study spinors of this

type according to x¿ ^ 0 and X(, = 0.

From Lemma 1 of [4], have

a   0'

y   ô

Let H be the subgroup of Gx such that

0

Gx^cf>(Gx) = ,ô = 'a~x £SL7,  'ay £ Alt7

4>(H)-{ 0 a i , a £ SLj
}•

let S be the subgroup of H for which

"e        0
0   dete-

ct
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with e £ GL(, in <j>(S), and let S be the subgroup of S for which e £ SL(, in

<p(S). Thus H*SL7, S^GL6, and S 2 SL6 .
First, consider the case when X(, ̂  0. Then

x = 1 + x4 + x6-► I + x4 + e7 ■

If Xi, = 0, then

(1) JC=l+<?7*.

If X4 ^ 0, write x4 in the form x4 = y^ + z, where y £ A3(Aff6), z £

A4(Aff6). With respect to the group S, it is possible to bring x into one of

the forms

(2) 1+yeT + ej,

(3) 1+yeT + eUj + ej,

(4) \ + ye7 + e*X47 + e^ + e] , or

(5) 1 + ye-, + e*x47 + e*257 + e*m + pe*7 ,       p e k*,

depending on whether rank(z) = 0, 2, 4, or 6, where y £ A3(Aff6).
As in [20], we may claim that spinors of type (3) and (4) are equivalent to

spinors of type (2). Futhermore, considering the action of S on spinors of type

(2) and the fact that all the GLö-inequivalent trivectors of six-dimensional space

are those GL 7-inequivalent trivectors of seven-dimensional space involving six

vectors, and by the classification of trivectors of seven-dimensional space over

finite fields [11], it follows that y can be transformed to one of the pairwise

5-inequivalent forms

exe2e3,    exe2ei, + e4ese6,    exe2e3 + e3e4e5,

exe2e-i + e4eie5 + e6e5e2, or

4-^23 + (4A)-1(^56 - ^246 + e145),        X£F*q- (F*)2.

Therefore, with the action of S, x can be transformed into one of the follow-

ing:

1 + vexe2eT,e7 + v~xe7,

1 + vexe2e^e7 + ve4e5e(,e7 + v~xe7,

1 + v(4-xe\2l + (4X)-X(ex*56 - e*246 + e¡45)) + v~xe*7,

1 -l- vexe2e^e7 + ue^e4e5e7 + v~xe*, or

1 + vexe2e^e7 + ve4eT,e?,e7 + ve^e^e2e7 + v~xe7,

where v £ k*. Applying the appropriate h £ H such that 4>(h)e¡ - Xje¡ with

X, £ k*, 1 < /' < 6, to the above spinors, we conclude that spinors of type (2)

are equivalent to one of the following spinors :

(6) 1 + exe2eie7 + ej,

(7) p(l + exe2eie7 + e4e5e6e7 + e7),        p £ k*,

(8) p(l+4-,^23 + (4A)-1K56-^46 + ^45)-^),        p£k\

(9) 1 + exe2e3e7 + eie4e5e7 + e7, or

(10) 1 + exe2eie-i + e4e3e5e7 + e6e5e2e7 + e7,
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where X £¥*- (F*)2, with q a power of any odd number.

Now we consider the spinor of type (5). Let R be the subgroup of S such
that

<t>(R) =
0

'A'1 A = ,e£SP6
y

Then R = SP¿. By Lemma 5 of [4], R c Gao for a0 = ^1^4 + ^2^5 + ^3^6 • It

is also clear that Ap(Arf), Ap(Aff6), and spinor e7 remain invariant under

R. Hence , spinors of type (5), x = 1 + ye7 + e\A7 + e257 + e$67 + pe7 , are

.R-inequivalent if and only if y £ A3(Aff6) are S7Vmequivalent. We shall first
consider the classification of the trivector of six-dimensional space with respect

to SP6.

Theorem 1. Every trivector in A3(Aff6) is SP ¿-equivalent to one of the following

twenty pairwise SP¿-inequivaient trivectors:

(a) 0;
(b) exe2e3;

(c) exe2e5 + exe3e6;

(d) exe2e3 + pe4e5e6, p £ k* ;

(e) exe4e3 + e5e2e3 + p(e3exe4 + e3e2e$), p £ k* ;

(f) exe2e3 + pe4e5e6 + e4e2e5 + e4e3e6, p = 0, p £ k* ;

(g) exe4e3 + e5e2e3 + exe2e6 + e4e2e5 + e4e3e6 ;

(h) exe2e3 + pe4e5e6 + exe2e5 + exe3e6 + e^exe4 + e5e3e6,  with p £ k* ;

(i) exe4e3 + ese2e3 + exe2e5 + exe3e6+p(e2exe4 + e2e3e6), with p = 0, p = l;

(j) exe4e3 + e5e2e3 + pexe2e6 + r(e6exe4 + e6e2e5),  with

(p = 0        (P = 0        (p=l        (P=l

\r = 0 '     \r£k* '     \r = 0 '     \r£k* '

(k) exe2e3 + re4e5e6 + exe2e5 + exe3e¿ + p(e4e2e<, + e4e3e6),  with

(p = 0     rp = 0      (p£k*

lr = 0'   \r£k*'   We/c* '

(1) 2~xe2e3e4 +(2X)~xexe3es;

(m) 2~xe2e3e4 + (2X)-Xexe3e5 + 2exe2es + 2exe3e6,

where X £ F* - (F*)2, with q a power of any odd prime number.

Proof. The first eighteen pairwise -SfVinequivalent trivectors (a)-(k) are ob-

tained in the same way as in [20]. However the fixers of C = exe4e3 + e¡e2e3

and n = exe4e3 + e¡e2e3 + ex e2e$ + ex e3e¿ + e2exe4 + e2e3e(, in SP¿ have two con-

nected components, and the representatives <f and «' of the other connected

components are the elements of SP(, defined by ex —► e2, e2 —► ex, e3 —> -e3,

i.e., '0    1     0

<p(0,M) = 0
'a

a = 0     0
0    -1

(F*)2, and put p = Xxl2 so that p" = -p for a £

Gal(F?2/F9). Choose g £ SP6(Fq2) suchthat

Take X from F*

g =
g\
0 V g\ =

1      1 0

p   -p 0
0     0     -(2p)~x

£SL3
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and y £ G¿ such that

<p(y) =
0    'a"1

a =

0 1     0
1 0     0
0   0-1

Then G¿ = G? II y G?, y2 = 1. By a theorem of Igusa's [11], we have g" = gy

and

£,' = g ■ (exe4e3 + e5e2e3)

= (ex + pe2)(2~xe4 + (2p)-xe5)(-(2p)-xe3)

+ (2-xe4 - (2p)-xe5)(ex - pe2)(-(2p)-xe3)

= 2~xe2e3e4 + (2X)~xexe3e5,

«' = g- (exe4e3 + e5e2e3 + exe2es + exe3e6 + e2exe4 + e2e3e6)

= 2~xe2e3e4 + (2X)~xexe3e5 + (ex + pe2 + ex- pe2)(-(2p)~xe3)(-2pe6)

+ (ex + pe2)(ex - pe2)(2-xe4 - (2p)'xe5 - 2~le^ - (2p)-xe5)

= 2~xe2e3e4 + (2X)~xexe3e5 + 2exe2e5 + 2exe3e6,

which are the trivectors (1) and (m).

Now if the factor y in spinor (5) has one of the forms in Theorem 1, other

than type (a), (b), and (1), then it is equivalent to the spinors of the form

1 + ye7 + z + pe7

with p £ k*, y £ A3(Aff6), z G A4(Aff6), and rank(z) < 6 by the action of
h £ H such that 4>(h)e¿ = e¡ for 1 < í < 6, and

<t>(h)e7 = <

( e4 + e7,

-ex + e7,

-e2 + e7,

<?6 + e7,

-p~xe2 + e5 + e7,

(p+ l)~xe6 + e7,

-2~xe6 + e7,

[ 2~xe4 + e7,

if y = types (c), (i), (k);

if y = types (f), (g);

if y = type (h);

ify = type(j);

if y — type (d);

if y = type (e) and p^-1;

if y = type (e) and p = -1;

if y = type (m).

Consequently, it is equivalent to one of the spinors of types (6)—(10). Otherwise

we have the following situation:

(a) Spinors of type (5) with y — 0 are equivalent to the spinor

(11)

when p = ±2, and

(12)

1 + eX47 + et'257

1 + (vV - 4)e*7

when p t¿ ±2, over k(\/p2 - 4).
(b) Spinors of type (5) with y = exe2e3 are equivalent to the spinor

(13) 1+^2^7+^47+457
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when p = ±2, and

(14) 1 + ¿1*2*3*7 + ( vV - 4)*7

when p ^ ±2, over k(y/p2 - 4).
(1) Spinors of type (5) with y = 2~xe2e3e4 + (2X)~xexe3e5, X £ F* - (F*)2,

are equivalent to spinor (9) over k(^/p2 -4) when p ¿ ±2, and

(i5) i+4-i*r23 + (4A)-i(*1*56 - *2*46+445)

when p = ±2.

Proo/. (a), (b) Let e=p/2. Then

1 +«U7+«2*57+«3*67 +/>«7*

/ 2
ii,4(-e)i2,5(-«)iio,i3(-e)   ,   ,   _*      ,   _»      ,   /,      P

1 + e*X47 + *2*57 +   1 -
4

= 1 + **47 + *257,    when p = ±2,

and

1 + *l*2*3*7 + *Î47 + «257 + «367 + P«7*

Íl,4(-«)i2,5(-«)íl0,13(-e)     i     ,„„„„.    „*        ,   „*        .ft P    \  „*
-> 1 + *i*2*3*7 + *147 + «257 + ( l ~ ~J 1 «367

= 1 + *l*2*3*7 + «1*47 + «257 »       when p = ±2.

When /> ̂  ±2, let œ = (p- y/p2 - 4)/2. Then

1 +«147+ «2*57+«367 +-P«7

"■'^"•"W, (1 - W2) + (0(2 - Wp)*3*6 + û>(*,*4 + «2«5)

+ ( 1 - Wp)(*r47 + *2*57) + *3*67 + P«7*

,|(1~m2), 1 + 0(2- &>/>)(! - C02)e3e6 + CO(l - w2)-'*2«5

147+ co(l - co2)exe4 + (I - cop)(l - co2)   xeX4

+ (1 -ap)(l - co2)e*257 + (1 - co2)e;67+p(l - co2)e*7

exp(-w(2-wp){\-w2)   le3e6)   . ,,       , ,2\-l

+
1 - cop     co2(2 - cop)

l + co(l-co2) xe2e5 + co(\ - co2)exe4

«147
1 -CO2        (I-co2)2

+ [(1 - cop)(\ - co2) + co2(2 - cop)]e*257

+ (1 - co2)e*m + (p - 2co)e*7

= 1 + co(\ - co2yxe2e5 + co(l - co2)exe4 + (1 - co2)e367 + (p - 2co)e7

exp(-(o{l-w2rle2e5-w(l-(i)2)exeA) , „
-► 1 + wi*367 + co2e7,

cox = 1 + co2, co2 = p - 2co — \[p2-4

^10. nt«"!^    )-

i + (vV-4)*;.
Applying the same procedure as above to 1 + exe2e3e7 + e\47 + e257 + *367 +pe7 ,

followed by an application of the action of h £ H such that </>(«)*, = e, for
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i 7^ 3, 6, 4>(h)e3 = (1 -co2) xe3, and </>(«)*6 = (1 -co2)e6 yields 1 +¿1*2*3*7 +

(v^^K.
(1) Let e=p/2. Then

1 + 2~1e2*3*4*7 + (2X)~xexe3e5e7 + e*X41 + *257 + *367 + pe7

ii,4(-«)i2.5(-e)iio,i3(-e)
1 + 2  '*2*3*4*7 + (21)  xexe3e5e7

+ **47 + *?S7 +   (   1  -  ~ =367-

When p = ±2, consider « e // such that

</>(«)*>, = _<?,,    0(«)*2 = -e4,    (¡)(h)e3 = (U)~xe7,    (¡>(h)e4 = e2,

<t>(h)e5 = Xe5,    <t>(h)e6 = -2e6,    4>(h)e7 = -4*3.

Then

1 + 2" '*2*3*4*7 + (2A)"1e1*3*5*7 + **47 + *257

^ 1 + 4->e*23 + (4A)-1(*1*56 - *2*46 + «3*45)-

When p ^ ±2, apply the same action which we have used in (a) and (b)

followed by the action of h £ H such that

(j)(h)ex= -2X(\-co2)-xe4,        4>(h)e2 = 2(\ - to2)e2,

(j)(h)e44>(h)e3 = (vV - 4)  '*3,

cf>(h)e6 = (4X)-Xe6,       <p(h)e7 = (vV - 4)e7.

ex,    (¡>(h)e5 = e5,

We obtain

,     (I-«2)-1 (1
1 + ¿-¡r-*-*2«3«4«7 + —

CO2)

2X
*i*3*5*7 + (\/p2 - 4)e7

1 + ¿1*2*3*7 + *3*4*5*7 + *7.

Futhermore, if \Jp2 - 4 £ k*, with the action of h £ H such that 4>(h)e¡ = e¿

for / t¿ 3, 7, and 4>(h)e3 — (\/p2 - 4)~'*3, and (¡>(h)e7 = (\/p2 - 4)e7, then
spinors (12) and (14) are equivalent to spinors (1) and (6), respectively.

If \/p2 - 4 £ k*, spinor (12) is equivalent to

X
1 + «1*47 + «2*57 - 4«3*67 (16)

as shown above and spinor (14) is equivalent to spinor (15) by the action of

«4«3S5,6(-l)«2Sll,14(-l)Sl2,13(-l)S4,7(-l)«l,

where «, £ H, ¿ = 1,2,3,4, such that

cp(ht) =
a,

0
0

with

«1

r0   0   0   1 0 0 0
0   0   0   0 1 0 0
0   0   0   0 0-10
10   0   0 0 0 0
0    10   0 0 0 0
0   0    10 0 0 0
00000 0 u
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a2 =

a3

10   0 0
0    10 0
0   0    1 0
0   0   0 1
0   0   0 0
0   0   0 0

L0   0   0 -(vV-4)-1
10 0   0   0   0
0    10   0   0   0
0   0 10   0   0
0   0 0   10   0
0   0 0   0    10
0   0 0   0   0    1

L0   0 0   0   0   0

h
Vp2 - 4/3  -vV-4/3

0 0

Consolidating these results, we have

0 0 0
0 0 0
0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

0
0
0

Vp2^
0
0
1

0
0

-(2v^2-T4)-3J

Proposition. Every spinor of the form 1 + x4 + X(, with x^^O is equivalent to

one of the following spinors:

(1)

(16)

(6)

(15)

(7)

(8)

(9)

(10)

(11)

(13)

l+*7,

1+«147+«2*57
X
r«367,

1 +*1*2*3*7 + *7 ,

1 + 4_1*i*23 + (4X)~x(e*x56 - *2*46 + *3*45),

P(l + *l*2*3*7 + *4*5*6*7 + *7*) ,

p(\ + 4-xe*x23 + (4A)-'(*r56 - *2*46 + *3*45) - *7*) ,

1 + *l*2*3*7 + *3*4*5*7 + *7 ,

1 + *i*2*3*7 + *4*3*5*7 + *6*5*2*7 + *7 ,

1 + e\47 + *2*57,

l+*1*2*3*7+*U7+«2*57>

where p £ k* and X £ F* - (F*)2, with q a power of any odd prime number.

Now we consider the case when X(, = 0. Let

a: A3(Aff7) ̂  A4(Aff7)

be the k-linear mapping with respect to the basis *(1*l2*,3, 1 < i'i < h < h <

7, such that o-(*,,*,2*i3) = *,*,2,3 • Since the action of SL7 on A3(Aff7) and

A4(Aff7) are contragredient and since

A3(Aff7)       heSL^     A3(Aff7)

A4(Aff7)
'h~leSL7

I'
A4(Aff7)
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commutes, any two elements u, v £ A3(Aff7) are SL7-equivalent if and only

if a(u), a(v) £ A4(Aff7) are 5L7-equivalent. Using Igusa's [11] classification

of the trivectors of seven-dimensional space over finite fields, every element of

A3(Aff7) is 5L7-equivalent to one of the following trivectors:

0;       *5*6*7i       *l*3*7 + «2«4«7',

*1*4*7 + «2*5*7 + *3*6*7 ',

*2*3*4 + *3*1*5 + *1*2*6 Í

*1*2*3 +*4*5*6i

*1*2*3 + (*1*4 + *2*5 + «3«6)«7 \

*1*2*3 + *4*5*6 + *1*4*7 ]

*2*3*4 + *3*i*5 + *l*2*6 + («1*4 + *2*5 + *3*6)*7 ',

*1*2*3 + *4*5*6 + («1*4 + *2*5 + *3*ó)*7 ',

*i*2*3 + X(exe4e7 + *5*6*i + *6*4*2 + *4*5*3) ', or

*1*2*3 + A(*5*6*l + *6*4*2 + *4*5*3)

with X £ F* - (F*)2. We conclude that the spinors of the form x - I +x4 are

equivalent to one of the following spinors:

(17) l;

(18) 1+*1*2*3*4;

(19) i+*r37 + *2*47;

(20) 1 + **47 + *2*57 + *3*67 ;

(21) 1 + «2*34 - «1*35 + «*26 \

(22) 1 + **23 + *4*56 i

(23) 1 + **23 + *,*47 + *2*57 + *3*67 ;

(24) 1 + e\23 + *4*56 + e\47 ;

(25) 1 + *2*34 - **35 + «1*26 + «*47 + «2*57 + «3*67 \

(26) 1 + *f23 + «4*56 + «1*47 + «2*57 + «3*67 \

(27) 1 + **23 + ¿(«1*47 + «*56~ «2*46 + «3*45);   Of

(28) 1 + **23 + ¿(«1*56 - «2*46 + «3*45) .

where X e F* - (F*)2 , with q a power of any odd prime number.

As in [20] we may claim that the spinors (19)—(26) are equivalent to spinors

of the Proposition. Futhermore, spinors (27) and (28) are equivalent to spinors

of the type 1 + x4 + x¿, x¿ ^ 0, with the action of í5,6(1)í2,3(^)-íii,14(1) •

Consequently they are also equivalent to spinors of the Proposition.

We present the orbital decomposition:

Theorem 2. Put

& = P( 1 + «1«2«3«7 + «4*5*6*7 + «7 ) ,

Co = P(\ + 4-'*f23 + (4A)-'(**56 - *2*46 + «3*45) - *7*) ,

fl = l + *l*2*3*7 + *4*3«5«7 + «6«5«2*7 + *7 >

<^5 = 1 + *l*2*3*7 + *3*4*5«7 + *7* .

Í10= 1 +*i*2*3*7 + *7*>
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{'10 = 1 + 4"1*r23 + (4A)-1(*1*56 - *2*46 + «3*45) ,

£14 = 1 + *l*2*3*7 + **47 + «2*57 »

60 = 1 + «7* ,

;
C20 = 1 + «147 + «257 _ 4«367 >

61 = l+ «1*47 + «2*57 .

(^29 = 1 +*1*2*3*4,

Í42 = 1 ,   A/«/

¿64 = 0,

where p £ k* and X £ F* - (F*)2, vw'iA ? a power of any odd prime number.

Then

X(Fg) = \J(G. &)(¥<,)
i,

for all Ci = to, Ci, ■ ■ ■ , &4 and £0, <f10, £20.

3. The fixers

In this section we shall investigate the algebraic structure of the fixers in G.

The results are summarized as

Theorem 3. There exists a subgroup H¡ of G°. for i = 0, 1, 5, 10, 14, 20, 21,

29, 42 and a subgroup H¡ of G° for i = 0, 10, 20 such that

Ho = G2 x G2,    ÄJ S G2(Fí2),    Hx S (<£, x G2) • (Ga)14,

//5 = (GLX x 5L2 xZ2 SP4) ■ UX9 ,     //,o S (GLi x £L3 x SL3). ((721),

//,'o S (GL,(Fa) x 5L3(F92))(C/21(F,)),     //14 S (GLX x 5L4) • (f/26),

H20 s ((2,, x SL6) • (GX2),    7/^ s ((GLX x 5l/6)(F?))(G¿2(Fí?)),

#21 = (GLX x SP6 xZ2 Gm) • U26 ,     H29 2 (GLX x SL3 x Spiny) • (C/27),

//42 = (GL7)-(G21).

Since each of the above cases has a similar proof, we shall only demonstrate

the procedure for the case of i = 0, 10,20 when the identity of the group G^

has two connected components.

H0 is the subgroup of G generated by

To = T n Gio = 11 = n g,(r,) ; nr' = '1*2*3*7 = 1,
I     ¡=i ¿=i

t4t$t(,t7 = \ , tx , ... , t7 £ Gm
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and by elements:

Sl,9W,  S2tS(X), Sl.ioW,  S3,S(X),  S2joW, S3,9(X),

■Î4,12(A), S5,u(X),  54,13(A),  56,u(A), 55,13(A),  56, 12(A),

■Si,2(A)i7, loW^lO, 14(A), 58;9(A)53)7(A)53,14(-A),

52,7(A)j'8,10(-A)52,14(-A), 59;i4(-A)5l,3(A)57j9(-A),

52,3(A)J7,8(A)58,14(A) , 59,10(A)5l, 14(-A)Sl >7(A) ,

S6j(-X)S6,14(-A)Sn , 12(-A) , 513,14(-A)57,13(A)i4,5(-A) ,

55i7(-A)55) i4(-A)5ii ; 13(A) ,  512> 14(A)S7,12(-A)54i6(-A) ,

Í5,6(-¿)í7,ll(A)5ll,14(-A),  and Sl2,13(-A)S4,14(-A)j4,7(-A),

where A e Ga . One can easily verify that Ho c Gf  by examining directly each

of the elements listed above. Futhermore, by the lemma in §1, we have

«/>(//,»-{[7 *{(A)-(B)}<*G2-G2,

where

ir

a

X Ob
c

d
0 Ye

f
S     t    U     V     w     1

X = (xij),Y = (yij)£SL3,

ro

ß =

t
-t    0
s    —r

0

a     b

r

0
0

—w
V

-d

w

0
—u

-e

u

0

-/

-a

-b
-c
d
e

f
0

0
c

-b

l-r

0
a

b
-a
0

-/
*
u

0

/
0

-d
v

d
0
w

r

s

t

-u
-V

-w

0 .
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5 =

xn

-X\2

-X\3

0
0

0
-a

-x2X    -x3X
-i

X22
-■*23

0
0
0

-b

-x32

x~xA33

0

0

0

-1

0

0

0

0

0

0

y'u
-vi2   y22

-^13     -J>23

0

0

0

-yi\   -j3i
-y32

J73_31

~f

—r

-s

-t

-u
-V

-w
1

A =

0    2r    2s    2/    2a     2b     2c l

0
c

t   -b

-c

0
a

0
-t
s

t

0

-5

r

0

B =

0    2«    2v    2w    2d
d
e

f
u

V

0
-w

V

2e

w
0

-u

2/
-v

u

0

-/
w

f -*
0      d

-d    0

Since G2 has no center, Hq = G2xG2.

Similarly we can construct the elements that generate Hx0 and #20 and show

that G°o D Hx0 * (GLX xSL3xSL3)-(U2x) and G£o D #20 = (GLi x5L6)-(G¿2).

Now let g0 = gwh £ G(Fq2) with gi0 £ H (see §2) such that

4>(gio) =
0

'a-1

h      h o
/i/3    -^/3 0

0        0      -(2/i)-3

i.e.,

£10 ={1 + pe4e7+x + (*i - (¿i + l)*4)*7+4 - (/i + l)*i*4*7+1*7+4}

• {1 + ¿i*5*7+2 + (*2 - (P + l)*5)«7+5 " (/* + l)*2*5«7+2«7+5}

• {1 + /l*6*7+3 + («3 - (P + l)*6)*7+6 ~ G« + 1)*3*6*7+3*7+6J

■gi(-(2p)-i),

where p = \fl, X £ F* - (Fp2 , and « G // such that

</>(") =
'a-1

a =
h
0

0
-/2

i.e.,

h = ^i(l)ft(l)ft(l)ft(l)ft(l)ft(-l)^7(-l).

Let #20 e G(F„2) such that
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/    ^pJ+4\        (    sfp2 + 4\           (   JpT+4~y
g20 = Ji.4 {-— ) S2'5 {-2— ) Sl0'13 [-2— j

•sSAX(-co)s9A2(-co)sx((\ - co2)-x)s3t6(pco2(l - CO2)'1)

• Ji>4(<a(l - co2))s2,5(co(l - co2)-x)sxo,x3(-p)h',

where

co = VV + 4 - p

with p = VX, X £ F* - (F*)2, and h' £ H such that

d>(h')
a       0

0    'a-1
a =

/5 0 0

0 p 0
0    0   p~x

i.e.

«' = gl(l)g2(l)g3(l)gA(l)g5(i)g6(p)gl(p-1).

Then the action of g,  transforms & to C¡, i.e.,  /?(#,) • & = £,' for / =

0, 10, 20. Hence for any «, £ H¡ c G$. we have

P(gih¡g~l) • i- = p(gihig~x) • />(&)f/ = />(&«/) • p(gi)'1 p(gi)ii

= P(gihi) ■ Ht = p(gi)(p(hi) • {,) = /»(ft) • 6 = $

for i = 0, 10, 20. Hence H\ = g.Hjg'1 C G°   and

tf¿ = 0(#o) = ¿(goMHoMgo)-1 = G2(Fq>),

H'xo 2 «/.(//(o) = </)(fto)</»(#io)0(fto)-1 = (GLi(Fg) x SL3(Fg2))(c/21(F,)),

^20 = ^(#20) = <t>(g2o)4>(H2o)<t>(g2o)-x = ((GLX x 5I/6)(F(?))(G¿2(F9)).

4. The classification

First we shall list some formulas for calculating the cardinalities of certain

algebraic groups:

„-
\SLn{¥q)\ = q»-1   I] (1-g"'),

i<¡<«

l-Sl/^FJ^flr»2-1   I] (1-(-i)-'),
l<j'<n

\S02n+x(Fq)\ = \SP2n(Fq)\ = q"(2n+V   JI (l-i-M),
i<i<«

\S02»(Fq)\ = q«*-»    I]    (1 -^"2')-(l -^""),
l</<n-l

\G2(Fq)\ = qX4(\-q-2)(l-q-6),

\U"(Fq)\ = \G"a(Fq)\ = q",

\GLx(Fq)\ = \Gm(Fq)\ = q(l - q~x),

|SpinB(F,)| = \SOn(Fq)\.
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By Theorem 2 in §2, we have

\X{Vg)\<Y,\G-ti(V,)\
Si

for & = &, £1,..., ¿64 and £0, £[0, £20 . Futhermore,

|Gi((F?)|

for & = £,x, £5, fu, 61, £29, £42, &4 , and

|g(F,)|
|G-{/(F,)|

2|Gi;(F9)|

for & = £0 > £ó > ̂ 10 > £'10 ' ^20 ) £2o •

By Theorem 3 in §3, we have \GSi(Fq)\ > \H¡(Fq)\ for all & and §. Put
(r) = 1 - 0-', and (r)+ = 1 + 9~r. Then

ir í íf )\<  |(?(Fg)l       |GSpin14(Fg)|
1    'w «n - 2\H0(Fq)\     2|(G2 x G2)(F,)|

= ^64(l)(2)+(6)+(7)(8)(10),

\r ?>(v v <   lg^)l       lGSpin14(Fg)||tj'^^|-2|^(Fi)|-    2|G2(Fi2)|

= ±<764(1)(2)(6)(7)(8)(10),

r  f(V\\<  l^F')l  = |GSpin14(Fg)|
U-ÇU  "j|- |//,(F,)|      |(GL, xG2)(F9).G¿4(F<?)|

\G-Ç5(Fq)\<

<763(4)(7)(8)(10)(12),

|G(F,)|  _ |GSpin,4(F?)|

H5(Fq)\      \(GLX x SL2xZ2SP4)(Fi) • C/19(F,)|

= <759(2)+(4)+(6)(7)(10)(12),

ir  Í   (F)\<    \°{F^ lGSpin14(Fg)|
1    ,<¡101 g)l - 2\HX0(Fq)\     2\(GLxxSL3xSL3)(Fq)-U2x(Fq)\

= ^54(2)+(3)2+(6)+(7)(8)(10),

|G(F,)| |GSpin14(F,)|
\G-Çw(bq)\ <

2|//1'0(F(?)|     2|(GL,(F9) x SL3(Fq2)) • U2X(Fq)\

= ^54(2)(7)(8)(10)(12),
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\G(Fq)\ jGSpin,4(Fg)|
\G-ÇX4(Fq)\<

9,1 "= \HX4(Fq)\      \GL4(Fq) - U2HFq)\

= <750(3)+(7)(8)(10)(12),

|Cfeo(F.)|<    'G<F'>' |GSpin,4(Fg)|

G-Í2o(F,)l<

2|//20(F9)|      2|(GLi x SL6)(F9) • GX2(Fq)\

^44(3)+(5)+(6)+(7)(8),

|G(Fg)|   = lGSpin14(Fg)|

\H20(Fq)\      \(GLxxSU6)(Fq).GlHFq)\

= ^44(3)(5)(6)+(7)(8),

|C&i(Ff)|<   M   - |GSpin,4(F?)|
fl2i(F,)|      |(GL, x SP6xZ2Gm)(Fi) • t/2«(F,)|

= ^43(l)+(2)+(4)+(7)(10)(12),

\r  F   (F)\<   iG^)l |GSpinl4(Fg)|
|U "ÇM «j| - |ff29(F,)|      |(GL, x SL3 x Spin7)(Fi) • U"{¥9)\

= <735(2)+(3)+(4)+(6)+(7)(10),

|S(F,)| lGSpin14(Fg)l

\H42(Fq)\      |GL7(F,).G2'(F9)|
\G ■ Í42(F,)| < r^^ = .^T",^ m = ^22(3)+(5)+(6)+(8),

ir F   (V V       lg^)l       IQSpin14(Fg)|
|G^64(F9)l = ÏCra=|GSpin14(F?)rL

Adding these together, we get

Y,\G'Zi(Vg)\<<I64 = \X(F9)\.
(,

Hence we verified that

Y,\G-Çi(Ft,)\ = q64 = \X(Fg)\.

Since the G-orbits G • £, for all £, are distinct and every G-orbit in X has an

F? -rational point at least for a high power q of any prime number, we conclude

that there are no other G-orbits in X, hence

x = UG •£«■'

and G(¡ = H¡ for all £,. We summarize with

Theorem 4. If q is a power of any odd prime, then

X(Fq) = [] G • £,(F,),    codim(G • {,) = i,
i

for all £, /'« 7aè/* 1, w«*r* G^F,) denotes the fixer of spinor {,■ with respect

to G(Fq) and G?(F9) denotes the connected component of the identity of the

group Git(Fq).
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